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Scalar-field-dominated cosmology with a transient accelerating phase
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A new cosmological scenario driven by a slow rolling homogeneous scalar field whose exponential
potential V (Φ) has a quadratic dependence on the field Φ in addition to the standard linear term
is discussed. The derived equation of state for the field predicts a transient accelerating phase, in
which the Universe was decelerated in the past, began to accelerate at redshift z ∼ 1, is currently
accelerated, but, finally, will return to a decelerating phase in the future. This overall dynamic
behavior is profoundly different from the standard ΛCDM evolution, and may alliviate some conflicts
in reconciling the idea of a dark energy-dominated universe with observables in String/M-theory.
The theoretical predictions for the present transient scalar field plus dark matter dominated stage
are confronted with cosmological observations in order to test the viability of the scenario.
PACS numbers: 98.80.Cq; 95.36.+x
Introduction.—The idea of a dark energy-dominated
universe is a direct consequence of a convergence of inde-
pendent observational results, and constitutes one of the
greatest challenges for our current understanding of fun-
damental physics [1]. Among a number of possibilities to
describe this dark energy component, the simplest and
most theoretically appealing way is by means of a cos-
mological constant Λ, which acts on the Einstein field
equations as an isotropic and homogeneous source with
a constant equation of state (EoS) w ≡ p/ρ = −1. Al-
though cosmological scenarios with a Λ term may explain
most of the current astronomical observations, from the
theoretical viewpoint it is really difficult to reconcile the
small value required by observations (≃ 10−10erg/cm3)
with estimates from quantum field theories ranging from
50-120 orders of magnitude larger [2], which makes a
complete cancellation (from some unknown string theory
symmetry) seem also plausible.
However, if the cosmological term is null or it is not
decaying in the course of the expansion [3], something
else must be causing the Universe to speed up. The
next simplest approach toward constructing a model
for an accelerating universe is to work with the idea
that the unknown, unclumped dark energy component
is due exclusively to a minimally coupled scalar field Φ
(quintessence field) which has not yet reached its ground
state and whose current dynamics is basically determined
by its potential energy V (Φ). This idea has received
much attention over the past few years and a consid-
erable effort has been made in understanding the role of
quintessence fields on the dynamics of the Universe [4].
Examples of quintessence potentials are ordinary expo-
nential functions V (Φ) = V0 exp (−λΦ) [5, 6, 7], sim-
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ple power-laws of the type V (Φ) = V0Φ
−n [8], combi-
nations of exponential and sine-type functions V (Φ) =
V0 exp (−λΦ)[1+A sin (−νΦ)] [9], among others (see, e.g.,
[1] and references therein). In particular, the exponential
example above, originally investigated in Ref. [5], consti-
tutes a kind of benchmark of quintessence scenarios and
has been largely explored in the literature, both in its
theoretical and observational aspects [6]. As shown in
Ref. [7] this particular class of potentials also leads to an
attractor-type solution with ΩΦ = ρΦ/(ρΦ + ρi) = n/λ
2,
where ΩΦ and ρi are, respectively, the scalar field den-
sity parameter and the energy density of the other com-
ponent scaling as a−n. All these quintessence scenarios
are based on the premise that fundamental physics pro-
vides motivation for light scalar fields in nature so that
a quintessence field Φ may not only be identified as the
dark component dominating the current cosmic evolution
but also as a bridge between an underlying theory and
the observable structure of the Universe.
If, however, it is desirable (and we believe so) a more
complete connection between the physical mechanism be-
hind dark energy and a fundamental theory of nature,
one must bear in mind that an eternally accelerating uni-
verse, a rather generic feature of quintessence scenarios,
seems not to be in agreement with String/M-theory pre-
dictions, since it is endowed with a cosmological event
horizon which prevents the construction of a conventional
S-matrix describing particle interactions [10]. Although
the transition from an initially decelerated to a late-time
accelerating expansion is becoming observationally estab-
lished [11], the duration of the accelerating phase, de-
pends crucially on the cosmological scenario and, several
models, which includes our current standard ΛCDM sce-
nario, imply an eternal acceleration or even an acceler-
ating expansion until the onset of a cosmic singularity
(e.g., the so-called phantom cosmologies [12]). This dark
energy/String theory conflict, therefore, leaves us with
the formidable task of either finding alternatives to the
conventional S-matrix (or, equivalently, defining observ-
2ables in a string theory described by a finite dimensional
Hilbert space) or constructing a quintessence model of
the Universe that predicts the possibility of a transient
acceleration phenomenon.
In this Letter, we follow the latter route and investigate
a new quintessence scenario driven by a rolling homoge-
neous scalar field whose exponential potential V (Φ) pre-
dicts a transient accelerating phase followed by an eter-
nally decelerated universe. The potential, which has a
quadratic dependence on the field Φ in addition to the
standard linear term, is obtained through a simple ansatz
and fully reproduces the exponential potential studied by
Ratra and Peebles in Ref. [5] in the limit of the dimen-
sionless parameter α → 0. For all values of α 6= 0, how-
ever, the potential is dominated by the quadratic con-
tribution present in the exponential function, admiting
a wider range of solutions. We also derive analytically
all the main background equations of the model to show
that a transient accelerating phase is a feature of this
class of potentials, which in turn may reconcile the ob-
served acceleration of the Universe with the requirements
of String/M theories. The observational viability of our
model is also tested by confronting its predictions with
the most recent SNe Ia and Cosmic Microwave Back-
ground (CMB) data.
The Model.—Let us first consider a homogeneous,
isotropic, spatially flat cosmologies described by the
Friedmann-Robertson-Walker (FRW) flat line element,
ds2 = −dt2 + a2(t)(dx2 + dy2 + dz2), where a(t) is the
cosmological scalar factor and we have set the speed
of light c = 1. The action for the model is given by
S = m2pl/16pi
∫
d4x
√−g[R − 1
2
∂µΦ∂µΦ − V (Φ) + Lm],
where R is the Ricci scalar and mpl ≡ G−1/2 is the
Planck mass. The scalar field is assumed to be homo-
geneous, such that Φ = Φ(t) and the Lagrangian density
Lm includes all matter and radiation fields.
1. A scalar-field-dominated universe.
For now, it will be assumed that the cosmological fluid
is composed only of a quintessence field Φ (Lm = 0),
whose energy-momentum tensor reads T µνΦ = ∂
µΦ∂νΦ−
1
2
gµν [∂αΦ∂αΦ+ 2V (Φ)] . The conservation equation for
this Φ component takes the form
ρ˙Φ + 3H(ρΦ + pΦ) = 0 , (1)
or, equivalently, Φ¨ + 3HΦ˙ + V ′(Φ) = 0, where ρΦ =
1
2
Φ˙2 + V (Φ) and pΦ =
1
2
Φ˙2 − V (Φ) are, respectively, the
scalar field energy density and pressure, and dots and
primes denote, respectively, derivatives with respect to
time and to the field. By integrating the above equation,
we also obtain the following relation for the scalar field
Φ, i.e.,
∂Φ
∂a
=
√
−m
2
pl
8pia
1
ρΦ
∂ρΦ
∂a
, (2)
whereH ≡ a˙/a stands for the Hubble parameter, and the
Friedmann equationH2 = 8piρΦ/3m
2
pl has been explicitly
used.
In order to proceed further, let us adopt the following
ansatz on the scale factor derivative of the energy density
1
ρΦ
∂ρΦ
∂a
= − λ
a1−2α
, (3)
where α and λ are positive parameters while the factor
2 was introduced for mathematical convenience. From
a direct combination of Eqs. (2) and (3), the following
expression for the scalar field is obtained
Φ(a)− Φ0 = 1√
σ
ln1−α(a) , (4)
where Φ0 is the current value of the field Φ (from now
on the subscript 0 denotes present-day quantities), σ =
8pi/λm2pl and the generalized function ln1−ξ, defined as
ln1−ξ(x) ≡ (xξ − 1)/ξ, reduces to the ordinary logarith-
mic function in the limit ξ → 0 [13]. To derive the po-
tential V (Φ) for the above scenario, we first note, from
the definitions of ρΦ and pΦ [see Eqs. (7) and (9) below],
that the potential V (a) is given by
V (a) =
[
1− λ
6
a2α
]
ρΦ,0 exp
[
−λ
2
ln1−α(a
2)
]
. (5)
By inverting Eq. (4) and inserting a(Φ) into the above
expression, the potential V (Φ) is readily obtained 1
V (Φ) = f(α; Φ)ρΦ,0 exp
[
−λ√σ
(
Φ+
α
√
σ
2
Φ2
)]
, (6)
where f(α; Φ) = [1 − λ
6
(1 + α
√
σΦ)2]. The important
aspect to be emphasized at this point is that in the limit
α → 0 Eqs. (4) and (6) fully reproduce the exponential
potential studied by Ratra and Peebles in Ref. [5], while
∀ α 6= 0 the scenario described above represents a gener-
alized model which admits a wider range of solutions. In
order to exemplify this more general behavior, Fig. (1a)
shows the potential V (Φ) for some selected values of the
parameter α and the fixed value of λ = 10−1.
2. Scalar field + dark matter model.
In what follows, it will be assumed that the cosmo-
logical fluid is composed of non-relativistic matter (dark
plus baryonic) and the quintessence field Φ. The Fried-
mann equation derived from the action above now reads
H2 = 8pi/3m2plρ, where ρ = ρΦ + ρm is the total energy
density.
1 Note that the inversion of Eq. (4) can be more directly ob-
tained if one defines the generalized exponential function as
exp1−ξ(x) ≡ [1 + ξx]1/ξ, which not only reduces to an ordi-
nary exponential in the limit ξ → 0 but also is the inverse
function of the generalized logarithm (exp1−ξ [ln1−ξ(x)] = x).
Thus, the scale factor in terms of the field can be written as
a(Φ) = exp1−α[
√
σ(Φ− Φ0)].
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FIG. 1: Some of the physical quantities discussed in the text. a) The potential V (Φ) as a function of the field [Eq. (6)] for some
selected values of the parameter α. b) The plane w(z)−z. Note that w(z) reduces to a constant EoS w ≃ −0.96 [λ = O(10−1)]
in the limit α→ 0 while ∀ α 6= 0 it was −1 in the past and → +1 in the future. c) The deceleration parameter as a function of
the redshift for selected values of α and Ωm,0 = 0.27. For values of α 6= 0 the cosmic acceleration is a transient phenomenon.
In particular, for α = 1.0 the transition redshifts happen at za/d ≃ ±0.77. The ΛCDM case (solid line) is also shown here for
the sake of comparison.
A direct integration of Eq. (3) gives the scalar field
energy density as a function of the scale factor, i.e.,
ρΦ(a) = ρΦ,0 exp
[
−λ
2
ln1−α(a
2)
]
. (7)
Note that in the limit α→ 0 the quintessence energy den-
sity (7) reduces to an usual power-law, ρΦ(a) ∝ a−λ (as
predicted by ordinary exponential potentials [5]), which
clearly shows that this latter class of V (Φ) provides only
a particular solution out a set of possible solutions that
can be explored from a more general exponential law [see
Eq. (6)]. Note also that now the term 1/ρΦ in the square
root of Eq. (2) must be replaced by 1/ρ, so that by com-
bining our ansatz (3) with the new Eq. (2), we find
Φ− Φ0 = 1√
σ
∫ a
1
a′α−1
F(a′)da
′ , (8)
where F(a) =
√
(1 + Ωm/ΩΦ), with Ωm and ΩΦ repre-
senting the matter and quintessence density parameters,
respectively. As one may easily check, the above expres-
sion for Φ(a) reduces to Eq. (4) for Ωm = 0. When
combined numerically with Eq. (5), it also provides the
potential V (Φ) for this realistic dark matter/energy sce-
nario, which belongs to the same class of potentials as
given in Eq. (6) and shown in Figure (1a).
Equation of state.—Without loss of generality to the
subsequent analyses, from now on we particularize our
study to the case λ ≃ O(10−1). Thus, by combining Eqs.
(1) and (7), we also obtain the EoS for this quintessence
component, i.e.,
w(a) = −1 + 1
30
a2α , (9)
which is shown as a function of the redshift parameter
(z = a−1 − 1) in Fig. (1b) for some selected values
of the index α. Differently from the ordinary exponen-
tial cases studied in Ref. [5], the above EoS is a time-
dependent quantity (∀ α 6= 0) and reduces to a constant
EoS w = −1 + 1
30
[≃ −0.96] only in the limit α → 0,
in agreement with our ansatz (3) and the energy density
derived in Eq. (7). Note also that the EoS above (which
must lie in the interval −1 ≤ w(a) ≤ 1) is an increas-
ingly function of time, being ≃ −1 in the past, ≃ −0.96
today, and becoming more positive in the future (0 at
a = 301/2α and 1/3 at a = 401/2α). This amounts to
saying that although the Universe will be eternally dom-
inated by the quintessence field Φ, it may not accelerate
forever since the field will behave more and more as an
attractive matter field. Some physical consequences of
this unusual behavior are discussed as follows.
Transient Acceleration.— For a large interval of val-
ues for the parameter α the behavior of the EoS (9)
leads to a transient acceleration phase and, as a con-
sequence, may alleviate the dark energy/String theory
conflict discussed earlier. To study this phenomenon, let
us first consider the deceleration parameter, defined as
q = −aa¨/a˙2 and shown in Figure (1c) as a function of
the redshift parameter for some values of the index α and
Ωm,0 = 0.27. As can be seen from this figure, ∀ α 6= 0
the Universe was decelerated in the past, began to accel-
erate at z∗ . 1, is currently accelerated but will eventu-
ally decelerate in the future. As expected from Eq. (9),
this latter transition is becoming more and more delayed
as α → 0. In particular, at a = 201/2α, w(a) crosses
the value −1/3, which roughly means the beginning of
the future decelerating phase. A cosmological behavior
like the one described above seems to be in agreement
with the requirements of String/M-theory (as discussed
in Refs. [10]), in that the current accelerating phase is a
transitory phenomenon (Another interesting example of
transient acceleration is provided by the brane-world sce-
narios discussed in Ref. [14] (See also [15]).). As one may
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FIG. 2: 68.3%, 95.4% and 99.73% c.l. in the plane Ωm,0
- α arising from SNe Ia and CMB data. Note that while
the matter density parameter is well restricted to the interval
Ωm,0 = 0.25
+0.06
−0.07 (at 95.4% c.l.), the current observational
data cannot place restrictive bounds on the parameter α.
also check, the cosmological event horizon, i.e., the inte-
gral
∫
da/a2H(a) diverges for this transient scalar-field-
dominated universe, thereby allowing the construction of
a conventional S-matrix describing particle interactions
within the String/M-theory frameworks. A typical exam-
ple of an eternally accelerating universe, i.e., the ΛCDM
model, is also shown in Fig. (1c) for the sake of compar-
ison.
Observational Constraints.—We study now some ob-
servational bounds on the cosmological scenario proposed
above. We use to this end complementary data from
the Supernova Legacy Survey (SNLS) collaboration (cor-
responding to the first year results of its planned five
years survey) [16] and the shift parameter from WMAP,
CBI and ACBAR, defined as R ≡ Ω1/2m
∫ z
0
dz′/E(z′) =
1.716 ± 0.062, where z = 1089 is the redshift of recom-
bination [17]. The SNLS sample used here includes 71
high-z SNe Ia in the redshift range 0.2 . z . 1 and
44 low-z SNe Ia compiled from the literature but ana-
lyzed in the same manner as the high-z sample. This
data-set is arguably (due to multi-band, rolling search
technique and careful calibration) the best high-z SNe Ia
compilation to date, as indicated by the very tight scat-
ter around the best fit in the Hubble diagram (we refer
the reader to Ref. [18] for details on statistical analyses
involving SNe Ia and CMB data). Figure 2 shows the
68.3%, 95.4% and 99.73% confidence limits (c.l.) in the
parametric space Ωm,0 - α. Similarly to what happens
with most of the time-dependent EoS parametrizations
(see, e.g., [18]), the current observational bounds on the
index α are considerably weak since it appears only in
the exponential term of the energy density (7). We be-
lieve that the next generation of dark energy experiments
dedicated to this issue (mainly those measuring the ex-
pansion history from high-z SNe Ia, baryon oscillations,
and weak gravitational lensing distortion by foreground
galaxies – see, e.g., [19]) will probe cosmology with suffi-
cient accuracy to decide if values of α 6= 0 are preferable
from both theoretical and observational viewpoints (see
also [20] and references therein for more on this issue).
For the combination of current SNe Ia and CMB data, the
best-fit model occurs for values of Ωm,0 = 0.25 (
+0.06
−0.07 at
95.4% c.l.) and α ≃ 1 (with reduced χ2ν ≃ 1.01), which
corresponds to a 9.8h−1-Gyr-old, accelerating universe
with a deceleration parameter q0 = −0.58 and transition
redshifts za = 0.8 (acceleration) and zd = −0.77 (decel-
eration). A more detailed analysis of the cosmological
model discussed here, as well as its conections with the
inflationary scenario, will appear in a forthcoming com-
munication.
Conclusions.—We have constructed a model wherein
the quintessence field contributes as subdominant cos-
mological constant at the earlier stages of the universe so
that the nucleossynthesis constraints are naturally satis-
fied. However, although subdominant for a long period
(radiation and matter eras), the energy density of the
field Φ is increasing in the course of expansion, and, fi-
nally, for a redshift of the order of a few, a quintessence
dominated phase begins. As we have discussed [see Eq.
(9)], a basic difference with other quintessence models is
that the accelerating phase in the present scenario does
not last forever. After some eons, the equation of state
parameter describing the field component becomes more
and more positive with the Universe, inevitably, return-
ing to an expanding decelerating stage. Finally, we em-
phasize that the model makes definite predictions and is
in agreement with the observational tests analyzed here.
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